Abstract -Rational points in the boundary of a hyperbolic curve over a field with sufficiently nontrivial Kummer theory are the source for an abundance of sections of the fundamental group exact sequence. We follow and refine Nakamura's approach towards these boundary sections. For example, we obtain a weak anabelian theorem for hyperbolic genus 0 curves over quite general fields including for example Q ab .
1. Introduction 1.1. The section conjecture. Theétale fundamental group of a geometrically connected variety U over a field k with fixed algebraic closure k alg sits naturally in a short exact sequence
which we abbreviate by π 1 (U/k). Due to neglecting base points, the extension π 1 (U/k) is only functorial in U/k if regarded as an extension of Gal k = Gal(k alg /k) with π 1 (U ⊗ k alg )-conjugacy classes of maps between extensions. A k-rational point u ∈ U (k) yields by functoriality a section s u of π 1 (U/k), with image the decomposition group of a pointũ above u in the universal pro-étale cover of U . Having neglected base points and due to the choice ofũ, only the class of a section up to conjugation by elements from π 1 (U ⊗ k alg ) is well defined. Let us denote by S π 1 (U/k) the set of conjugacy classes of sections of π 1 (U/k). The section conjecture of Grothendieck's anabelian geometry [Gr83] speculates the following.
Conjecture 1 (Grothendieck) . The natural map U (k) → S π 1 (U/k) which sends a rational point to the section given by its conjugacy class of decomposition groups is bijective if U/k is a geometrically connected, smooth, projective curve of genus at least 2 over an algebraic number field.
which we abbreviate by π 1 (U y /κ(y)), and where κ(y) ⊂ k alg is the residue field of the closed point in Y underlying y. The inclusion U y → U yields a natural map of extensions π 1 (U y /κ(y)) → π 1 (U/k).
A cuspidal section of π 1 (U/k) is a section that factors over some π 1 (U y ) for a point y ∈ Y with residue field κ(y) = k. Being cuspidal does not depend on the representative chosen in a given conjugacy class of sections. There is also a version of the section conjecture for affine curves stating that all but cuspidal sections come from rational points. The condition on the genus gets replaced by asking the Euler-characteristic to be negative.
In [De89] §15.13-26 Deligne describes tangential base points for fundamental groups. Taking the associated graded local rings and principal froms of maps describes an exact functor from finiteétale covers of U to finite covers of the tangent space T y X which may only branch along the tangent cone TC y Y of the normal crossing divisor Y . Hence we obtain a fibre above a tangent vector v ∈ T y X which is not tangent to a component of Y . For k-rational v this construction leads to a section of π 1 (U/k), which clearly is cuspidal. Sections coming from suitable tangential base points will be called tangential sections.
1.4. A guide through the paper. This paper deals with the anabelian geometry of cuspidal sections in the case of curves with an emphasis on imposing only mild assumptions on the base field.
There are three main topics. In Sections 2-4 we deal with the question raised and firmly claimed by Grothendieck in [Gr83] of how many inequivalent cuspidal sections there are per boundary point. Contrary to Esnault and Hai in [EH08] where Tannakian methods are applied, we give a fairly elementary treatment 1 over fairly general base fields. In Sections 5-8 we pursue a general investigation on additional structure of a fundamental group of a curve defining anabelian versions of a weight filtration 2 , an orientation and units. In some sense these sections consist of the distillate of the author's careful reading of the mentioned papers by Nakamura [Na90a] , [Na90b] , [Na91] , [Na94] .
As an application of the general investigation sketched above, we obtain in Sections 9 and 10 applications to weak anabelian geometry where the fundamental group shall determine the isomorphy type of a curve. The particular feature of our result especially in Section 10 is that we show directly how the moduli parameters in question are encoded in the arithmetic structure of the fundamental group extension.
Proof: Condition (a) and (d) are equivalent by Lemma 3. Clearly (a) implies (b) implies (c). If (c) holds, the projective system defining k * must stabilize at finite level, say k * ∼ = k * /(k * ) n . From Lemma 3 we deduce that k * is generated by roots of unity and isomorphic to k * tors /(k * tors ) n which is a finite group, so (a) holds.
Corollary 5. The field k has nontrivial Kummer theory if there is an a ∈ k and n ∈ N such that k( n √ a)/k is not an abelian field extension.
Proof: For such an a ∈ k the Galois group of m k( m √ a, µ m ) over k is nonabelian, hence the extension is not contained in the cyclotomic extension and a is not contained in the kernel of k * → k(µ ∞ ) * , which contadicts (a) of Theorem 4.
2.4. Change of field.
Proposition 6. Let k be a field. The following are equivalent:
For any finite extension E/F of fields which are finite algebraic over k the natrual map
Proof: In (b) we may assume that E/F is Galois. By the inflation/restriction sequence the kernel of F * → E * equals H 1 (E/F,Ẑ(1) E)). We may restrict to the p-part, and after the usual corestriction argument with the p-Sylow subgroup and dévissage we see that in (b) it is enough to ask H 1 (E/F, Z p (1) E)) = 0 for all p-cyclic Galois extensions E/F . The group of coefficients Z p (1) E) either vanishes or µ p ∞ is contained in E. For p odd, either way the action of Gal(E/F ) must be trivial as Z * p contains no p-torsion. Hence in this case
For p = 2 we may argue analogously except in the case that Gal(E/F ) acts via complex conjugation, which means µ 4 ⊂ F and µ 2 ∞ ⊂ E. Therefore (a) implies (b). But if (a) fails, then there is a quadratic extension E/F finite over k with µ 2 ∞ ⊂ E and E = F (i) such that
contradicting (b).
Corollary 7. For a finite field extension E/F the kernel of F * → E * has order at most 2 with the class of −1 being the only possibly nontrivial element.
Proof: By Proposition 6 the kernel is contained in the corresponding kernel for E = F (i), which at most equals the kernel for the extension C/R as shown in the proof above.
3. Inertia subgroups 3.1. Cusps. From now on U will be the complement of a reduced divisor Y in a geometrically connected, smooth, projective curve X/k. The Euler-characteristic of U is χ(U ) = 2 − 2g − deg(Y ), where g is the genus of X.
We fix a pro-universal coverŨ → U ⊗ k k alg together with an isomorphism of Gal k -extensions of π 1 (U/k) with the opposite groups of
The normalisation of Y inŨ is the k alg -schemeỸ . The set of cusps of U is Cusps(U ) = Hom k (Spec(k alg ), Y ) as a set with Gal k action. The set of prolongations of cusps toŨ is Cusps(U ) = Hom k alg (Spec(k alg ),Ỹ ), which carries a natural π 1 (U ) action by
The projection map Cusps(U ) ։ Cusps(U ),ỹ → y is equivariant and the quotient map for the induced π 1 (U ) action. The inertia group Iỹ /y (resp. the decomposition group Dỹ /y ) of a cusp y ∈ Cusps(U ) is the stabilizer under the action of π 1 (U ) (resp. π 1 (U )). Hence for γ ∈ π 1 (U ) we have I γỹ/γy = γ Iỹ /y γ −1 and D γỹ/γy = γ Dỹ /y γ −1 .
Moreover, the choice ofỹ ∈ Cusps(U ) determines a representative for the map of extensions π 1 (U y /κ(y)) → π 1 (U/k) with image the extension Dỹ /y given by
Proposition 8. The extension π 1 (U y /κ(y)) splits and there is a natural free transitive action on S π 1 (Uy/κ(y)) by κ(y) * .
Proof: Fix a parameter t at y. Adjoining the n th root of t defines a compatible family of finité etale covers of U y and correspondingly a family of open subgroups of π 1 (U y ) the intersection of which defines a splitting. By Proposition 43 of Appendix A the set S π 1 (Uy/κ(y)) carries a free transitive action by H 1 (κ(y),Ẑ(1)) = κ(y) * .
3.2. Universal ramification. From the topological computation of fundamental groups via GAGA we get the following exact sequence of Gal k modules
, where moreoverẐ(1) · y for a cusp y ∈ Cusps(U ) maps to the image of Iỹ /y in π ab 1 (U ) regardless of the prolongationỹ of y, and ∆ is the diagonal map. The group π ab 1 (X) is a freeẐ module of rank 2g.
Lemma 9. If χ(U ) < 0 and U is affine, then # Cusps(V ) tends to infinity as V ranges over connected finiteétale covers of U that, moreover, we may choose among the neighbourhoods of a section s ∈ S π 1 (U/k) .
Proof: Otherwise Iỹ /y had finite index in π 1 (U ) which contradicts (3.1).
Proof: AsẐ(1) is torsion free we may replace U by a finiteétale cover. The lemma follows from (3.1) as soon as # Cusps(U ) ≥ 2, which leaves the trivial case U ⊗ k alg ∼ = G m .
3.3. Local theory. From now on we assume that U is a hyperbolic curve, i.e., that χ(U ) is negative.
4. Abundance of cuspidal sections 4.1. The anabelian proof. In this section we give two proofs for the fact that quite generally the set of cuspidal sections is uncountable, a fact emphasized by Esnault and (1) A cuspidal section uniquely determines the cusp y for which it factors over π 1 (U y ).
(2) Let y be a k-rational cusp of U . The natural map S π 1 (Uy/k) → S π 1 (U/k) is injective and the image disjoint from the sections induced by rational points u ∈ U (k) or cuspidal sections originating from a different cusp.
Remark 15.
(1) The image of S π 1 (Uy/k) → S π 1 (U/k) is called the 'Paket' (engl. packet) associated to the cusp y in [Gr83] .
(2) Let k be a field such that for any abelian variety A/k the group of k-rational poins A(k) has no divisible elements. Then the assumption in Theorem 14 holds, see Appendix B.
Proof: Let s be a section. Replacing U by a neighbourhood of s we may assume that X has genus at least 2.
(1) If the image of s is contained in Dỹ 1 /y 1 and Dỹ 2 /y 2 then s maps simultaneously to s y 1 and s y 2 under S π 1 (U/k) → S π 1 (X/k) , hence y 1 = y 2 by assumption.
(2) By the argument above it remains to show that sections s, t of π 1 (U y /k) which become conjugate as sections of π 1 (U/k) are already conjugate in π 1 (U y /k). Let γ ∈ π 1 (U ) be such that s = γ()γ −1 • t. Then for suitableỹ the image s(Gal k ) is contained in Dỹ /y and γ(Dỹ /y )γ −1 = D γ.ỹ/γ.y . As above, we conclude that y = γ.y. Applying the same reasoning to all finiteétale covers of U we also deduce γ.ỹ =ỹ. Hence γ ∈ Iỹ /y and so s and t are already conjugate as sections of π 1 (U y /k). we conclude that the Z ℓ rank of Q ab, * ⊗ Z ℓ is at least #S, and (ii) follows.
Proof: Replacing U by a neighbourhood of a cuspidal section at y we may assume by Lemma 9 that U has at least 2 cusps. It is moreover sufficient to prove that the image of S π 1 (Uy/k) → S π ab 1 (U/k) is uncountable, which by Proposition 43 of Appendix A amounts to the map
The k-rational cusp y can be used to split the diagonal map ∆ in 3.1, so that Galois cohomology yields the exact sequence
where z runs over a set of representatives of Gal k orbits on Cusps(U ). By Corollary 7 the kernel of the map k * → z κ(z) * / k * onto the component of the cusp y is at most of order 2. The result follows because in case (i) the map δ is trivial and in case (ii) it has image of finite rank, whereas k * has infinite rank.
Anabelian weight filtration following Nakamura
We recall the theory of the anabelian weight filtration after Nakamura [Na90b] §3, [Na94] §2.1. As before, U will be the complement of a reduced divisor Y in a geometrically connected, smooth, projective curve X/k.
The set W −2 (U ) is pro-finite, hence compact, and preserved under conjugation by π 1 (U ). Strictly speaking, the designation anabelian is only justified in instances where W −2 (U ) can be described in terms of the fundamental group alone.
5.2. Definition. We say that a pro-cyclic closed subgroup I ⊂ π 1 (U ) is essentially cyclotomically normalized if there is a subgroup N of the normalizer N π 1 (U ) (I) of I in π 1 (U ) which projects to an open subgroup in Gal k and such that the induced action of N on I is via the cyclotomic character of Gal k . The pro-cyclic closed subgroup I is called cyclotomically normalized if it is essentially cyclotomically normalized with N = N π 1 (U ) (I).
5.3. Characterisation. We say that a field k distinguishes tori from abelian varieties if for all tori S/k and all abelian varieties A/k the group Hom Gal k (T S, T A) of maps between Tate modules is trivial. Using Weil restriction of scalars, we see that if k distinguishes tori from abelian varieties then so does any finite extension. An equivalent definition occuring in [CT08] §2 Definition, is the notion of the cyclotomic character being a non-Tate character. Due to the theory of weightsà la Deligne, algebraic number fields distinguish tori from abelian varieties. More precisely 3 , the following lemma is a direct reformulation of Theorem 1 of Ribet's appendix to [KL81] .
Lemma 19. A number field k such that kQ ab /Q ab is finite distinguishes tori from abelian varieties.
Theorem 20 (Nakamura). Let k be a field that distinguishes tori from abelian varieties, and let U/k be a hyperbolic curve. Then the following are equivalent for a nontrivial closed subgroup
(a) I is contained in an inertia subgroup Iỹ /y , (b) I is pro-cyclic and cyclotomically normalized, (c) I is pro-cyclic and essentially cyclotomically normalized.
Proof: (a) implies (b): As Iỹ /y is pro-cyclic, I is pro-cyclic as well. If γ ∈ π 1 (U ) normalizes I then I γ.ỹ/γ.y = γ Iỹ /y γ −1 intersects Iỹ /y nontrivially in I. Hence γ.ỹ =ỹ and γ ∈ Dỹ /y = N π 1 (U ) (Iỹ /y ). As Iỹ /y is cyclotomically normalized the same follows for I.
(b) implies (c) is trivial, hence it remains to conclude (a) from (c). We argue by contradiction. By Corollary 13 we may replace I by I ⊗Z ℓ ∼ = Z ℓ for some prime ℓ. Again by Corollary 13 we have I ∩ W −2 (U ) = 1. Choose a compact set C ⊂ I avoiding 1. The Hausdorff property yields a normal subgroup N of π 1 (U ) such that CN/N has empty intersection with
The group generated by W −2 (U ) ∩ N I in N I /N is cyclic of order a power of ℓ hence the image of some Iỹ /y ∩N I which therefore avoids CN/N . Thus the intermediate ℓ-cyclic cover U ′′ → U ′ corresponding to N (I) ℓ ⊂ N I is unramified over the corresponding cusps X ′ − U ′ . For some finite field extension we obtain a nontrivial Galois invariant map from I ∼ = Z ℓ (1) → T ℓ A ′ where A ′ is the Albanese variety of X ′ . This contradicts the assumption that k distinguishes tori from abelian varieties.
We deduce an anabelian description of inertia subgroups, hence the set Cusps(U ) and the anabelian weight filtration W −2 (U ).
Corollary 21. Let k be a field that distinguishes tori from abelian varieties, and let U/k be a hyperbolic curve. Then the set of inertia subgroups in π 1 (U ) coincides with the set of maximal closed subgroups of π 1 (U ) among those which are pro-cyclic and cyclotomically normalized.
Proof: An inertia subgroup Iỹ /y is pro-cyclic and cyclotomically normalized, and in fact a maximal such subgroup as otherwise Iỹ /y were properly contained in an abelian subgroup contradicting Corollary 13.
Conversely, a maximal pro-cyclic and cyclotomically normalized subgroup I is contained in some Iỹ /y by Theorem 20 and must in fact coincide with Iỹ /y because of maximality.
Corollary 22. Let k be a field that distinguishes tori from abelian varieties, and let U/k be a hyperbolic curve. A section s ∈ S π 1 (U/k) is cuspidal if and only if the image s(Gal k ) cyclotomically normalizes a pro-cyclic subgroup of π 1 (U ).
Proof: A cuspidal section at the cusp y cyclotomically normalizes Iỹ /y for some choice ofỹ depending on various base points and paths.
Conversely, let the image of the section s cyclotomically normalizes the pro-cyclic subgroup I, which then by Theorem 20 must be contained in some inertia subgroup Iỹ /y . As above, we see that s(Gal k ) also normalizes Iỹ /y . Thus s factors over Dỹ /y = π 1 (U y ) and is cuspidal.
Weight preserving maps.
A weight preserving map is a continuous group homomorphism ϕ : π 1 (U/k) → π 1 (V /k) of fundamental groups of hyperbolic curves U (resp. V ) over k which are complements of divisors Y (resp. Z) on geometrically connected, smooth projective curves X (resp. W ), such that ϕ restricted to W −2 (U ) takes values in W −2 (V ). This does not exclude that an inertia group of π 1 (U ) may lie in the kernel of ϕ. From Corollary 13 we learn that ϕ induces a partially defined π 1 -equivariant map Cusps(V ) → Cusps(V ), which is defined precisely on those cuspsỹ/y for which Iỹ /y is not killed by ϕ.
The goal of local theory in anabelian geometry is among others to show that any group homomorphism automatically preserves weights. For hyperbolic curves over fields that distinguish between tori and abelian varieties this was achieved by Nakamura as recalled above. As we have different applications in mind we will assume in subsequent sections that our group homomorphisms preserve weights in the first place.
6. Anabelian local cohomology for curves 6.1. Local cohomology sequence. We will give another anabelian definition of the sequence (3.1). The local cohomology sequence for the pair (X ⊗ k alg , U ⊗ k alg ) inétale cohomology with coefficients in Q/Z has the following Pontrjagin dual
which is even injective on the left except if X = U . Let us assume that U is hyperbolic.
6.2. Excision. Let U sh y be the scheme of geometric nearby points of y, which is the preimage of U in X sh y = Spec(O sh X,y ). Naturality of (6.1) for the map of pairs (X sh y , U sh y ) → (X, U ) and excision compute the local cohomology group H
y , Q/Z) ∨ together with the map to π ab 1 (U ⊗ k alg ) as the natural map of an inertia group Iỹ /y = π ab 1 (U sh y ) → π ab 1 (U ) for a choice of cuspỹ above y reflected in the choice of base points. The image is independent of the choice of the prolongationỹ and will be denoted by I y .
6.3. The orientation module. Apart from the map ∆ all constituents of (6.1) have now an anabelian definition in terms of the fundamental group π 1 (U/k) together with its weight filtration alone. Here is the anabelian definition of the map ∆.
For X of genus 0 we define the orientation module Or π 1 (U/k) and ∆ through the exactness of the sequence
If the genus of X is at least 1, then X is anétale K(π, 1), cf. [Sx02] Appendix A, and we define the orientation module as
The y component of the map ∆ will be defined by functoriality from the case of the pair (X, X − {y}) and as the Pontrjagin dual to a map
as follows. There is a maximal intermediate quotient
Then canonically ker(α) = I y and we have a central extension
Pushing E by χ ∈ Hom(I y , Q/Z) defines the central extension δ y (χ) ∈ H 2 (π 1 (X), Q/Z).
6.4.
Comparison. It remains to compare the anabelian definition of ∆ with the geometric definition, which we will do restricted to the n-torsion part and twisted by µ n . In the following diagram
the upper left facet commutes up to sign by [SGA 4 1 2 ] cycle 2.1.3. We compute the maps going around the diagram along the outside border and establish that the bottom facet also commutes only up to a sign. Let f be a parameter of X at y. The mod n tame character ∈ Hom(I y , µ n ) maps under the comparison map to the µ n torsor [
1 U sh y , µ n of n th roots of f , which equals δ Kum (f ) by [SGA 4 2 (π 1 (X), µ n ) is given by the mod n push of the homotopy sequence
which is the geometric line bundle whose sections naturally coincide with sections of O(y). The section 1 above X − {y} defines a map (X − {y}) ⊗ k alg → L • → X ⊗ k alg which leads to a map of extensions
and reveils that χ = π 1 (f ) which is exactly the tame character.
6.5. Anabelian local cohomology sequence. We conclude that the anabelian local cohomology sequence
as constructed above is isomorphic to the local cohomology sequence inétale cohomology (6.1) up to a sign for the map ∆. The map ∆ is even injective except if X = U , and the groups Or π 1 (U/k) and I y are all isomorphic toẐ(1) as Galois modules.
7. Orientation and degree 7.1. Orientation. As it matters here, we stress that the Tate twistẐ(1) has an anabelian definition as the geometric fundamental group of G m . An orientation on π 1 (U/k) consists of an isomorphism τ of the orientation module Or π 1 (U/k) withẐ(1). From the anabelian local cohomology sequence (6.4) and the comparison with (6.1) we see that an orientation on π 1 (U/k) induces canonically local orientations at each cuspỹ/y, which by definition is a family of isomorphisms τỹ /y : Iỹ /y →Ẑ(1) such that the following holds.
(
(ii) The kernel of the map y∈Cusps(U ) I y → π ab 1 (U ) from (6.4) becomes the diagonally embededẐ(1) under the identification coming from the local orientations, which is well defined by (i).
We can view local orientations as a π 1 (U ) equivariant map τ : W −2 (U ) →Ẑ(1) that satisfies a global consistency condition.
7.2. Standard orientation. The standard orientation on π 1 (U/k) is given locally by the tame characters and globally by the evaluation at the fundamental class
whichever is applicable for π 1 (U/k). The core of the argument in section 6.4 showed that tame character and evaluation at the fundamental class are indeed compatible in cases both definitions make sense. An arbitrary orientation on π 1 (U/k) will be a multiple of the standard orientation by a factor ε ∈Ẑ * . We call the resulting orientation 'ε times the standard orientation' or simply the ε orientation.
7.3. Degree. The definition of a degree depends on a choice of orientation. We will silently choose the standard orientation in the sequel.
Let ϕ : π 1 (U/k) → π 1 (V /k) be a weight preserving map of fundamental groups of hyperbolic curves U (resp. V ) over k which are complements of divisors Y (resp. Z) on geometrically connected, smooth projective curves X (resp. W ). Taking into account orientations the induced map Or π 1 (U/k) → Or π 1 (V /k) becomes a mapẐ(1) →Ẑ(1) which is multiplication by deg ϕ ∈Ẑ, the degree of ϕ.
Letỹ ∈ Cusps(U ) be a cusp with ϕ(Iỹ /y ) = 1 andz ∈ Cusps(V ) the unique cusp such that ϕ(Iỹ /y ) ⊂ Iz /z . The local degree or ramification index of ϕ atỹ overz is the unique ε ϕ (ỹ/z) ∈Ẑ, so that ϕ| Iỹ /y : Iỹ /y → Iz /z equals multiplication by ε ϕ (ỹ/z) after identifying the inertia groups withẐ(1) according to the chosen local orientations. As the restriction to W −2 (U ) of ϕ is equivariant with respect to conjugation, the local degree only depends on the cusps y ∈ Cusps(U ) and ϕ(y) := z ∈ Cusps(V ) and we write ε ϕ (y/z) = ε ϕ (ỹ/z). 
As the maps ∆ are the diagonal embeddings, the assertion follows immediately.
If we restrict the discussion to isomorphisms ϕ : π 1 (U/k) → π 1 (V /k) preserving the weight filtration, we obtain induced bijections ϕ : Cusps(U ) → Cusps(V ) and the fundamental equation shows that deg(ϕ) = ε ϕ (y/z) ∈Ẑ * for all cusps y and z = ϕ(y). An orientation preserving isomorphism is such an isomorphism ϕ with deg(ϕ) = 1.
Anabelian theory of units
Proposition 24. The automorphism group of the extension π 1 (G m /k) is isomorphic to the semidirect product k * ⋊Ẑ * with respect to the natural action ofẐ * on pro-N completions. The group of automorphisms which act as the identity onẐ(1) is k * .
Proof:
The group π 1 (G m ) is a semi direct product with respect to the section s 1 induced by the rational point 1 ∈ G m (k). We write elements of π 1 (G m ) as aσ = as 1 (σ) with a ∈Ẑ(1) and σ ∈ Gal k .
A unit ε ∈Ẑ * gives an automorphism ε : aσ → a ε σ. An element α ∈ k * corresponds by Kummer theory to the cocycle on Gal k with values inẐ(1) defined as
The automorphism 'scaling with α' is defined as α : aσ → aχ α (σ)σ. We have εαε −1 : aσ → a ε −1 χ α (σ) ε σ = aχ α (σ) ε σ which equals the automorphism 'scaling by α ε '. The remaining assertions follow immediately. Although one is tempted to think of the projection toẐ * as associating to an automorphism its degree, this interpretation fails. We cannot decide wether an automorphism fixes or interchanges the two cusps of G m which are indistinguishable within π 1 (G m /k).
Proposition 25. Let x be a parameter for G m . For ε = ±1 and α ∈ k * the geometric automorphism x → αx ε of G m induces the automorphism (α, ε) ∈ k * ⋊Ẑ * of π 1 (G m /k).
The map x → x ε preserves the section s 1 and the effect onẐ(1) can be computed from cohomology, thus multiplies with ε. We find again the automorphism denoted ε in the proof above.
The scaling map x → αx acts trivial onétale cohomology of G m by homotopy invariance, hence the associated map on π 1 (G m /k) has ε = 1. It remains to observe how the section s 1 is shifted. But this is done using the Kummer character χ α (−) which mediates an isomorphism of fibre functors from fibres above 1 to fibres above α, hence 'scaling by α' acts on sections as the geometric map x → αx does. 8.2. Units. The anabelian way to define units on π 1 (U/k) is by morphisms to π 1 (G m /k). The extension π 1 (G m /k) is a group object with multiplication
and unit s 1 : Gal k → π 1 (G m ). Hence we obtain a group
which we call the group of pro-units on π 1 (U/k). The constant pro-units are those which factor through Gal k . If π 1 (U/k) is equipped with an orientation, then the group O * π 1 (U/k) of units on π 1 (U/k) is defined as the subgroup ofÔ * π 1 (U/k) of maps that for each cusp y ∈ Cusps(U ) induce integral maps I y =Ẑ(1) →Ẑ(1), i.e., the multiplication by some ε y ∈ Z ⊂Ẑ. Proof: A unit is nothing but an equivalence class of sections of the extension π 1 (G m /k) pulled back via π 1 (U ) → Gal k . The part (1) proposition follows from Appendix A.
Proposition 26. There is a natural isomorphismÔ
Let χ f : π 1 (U ) →Ẑ(1) be the Kummer character
, and let pr : π 1 (U ) → Gal k be the projection. For (2) and γ ∈ π 1 (U ) we compute
which under the identification of (1) becomes δ Kum (f ) = χ f .
Let W −2 π ab 1 (U ) ⊂ π ab 1 (U ) be the subgroup generated by inertia. The group Div 0 Y (X) of divisors of degree 0 on X with support in Y has a map τ to Hom k W −2 (π ab 1 (U )),Ẑ(1) which assigns to a divisor the corresponding linear combination of tame characters, and which induces an isomorphism Div 
Proposition 27. The maps κ, τ and γ fit into the following map of exact sequences
Proof:
The bottom row is exact as the long exact Ext-sequence of Gal k modules for
1 (X) → 0, using the Weil-pairing for Hom k π ab 1 (X),Ẑ(1) = T Pic 0 X (k) and the exact sequence of low degree terms
from the Hochschild-Serre spectral sequence. Indeed, the differential d The line bundle associated to D comes from a unique degree 0 line bundle on the Albanese variety A = Alb X of X. The complement L 0 (D) of the 0-section in the corresponding geometric line bundle L(D) has an abelian geometric fundamental group π 1 (L 0 (D)) as its first Chern class vanishes. Hence, from the canonical trivialisation of L(D) above U we obtain a map of extensions of Gal k modules 
where the ∆ σ (resp. the f (x)) lift elements from the second (resp. first) component of T A× T B to π 1 ((P 0 A×B ). Consequently, the cocycles ∆ σ and df σ agree under the Weil pairing finishing the proof.
Corollary 28. Assume that X has genus 0 or k is a finitely generated extension of Q, and let the orientation fixed on π 1 (U/k) be ε times the standard orientation for some ε ∈Ẑ * . Then we have the following equality inÔ * (π 1 (U/k))
In particular all units on π 1 (U/k) correspond to geometric units of U up to an automorphism of π 1 (G m /k).
The genus 0 case follows immediately from Proposition 27. If k is finitely generated over Q, the Mordell-Weil theorem shows that γ is injective and (T Pic 0 X )(k) = 0 and the result follows again from Proposition 27. 8.3. Values. A unit f : π 1 (U/k) → π 1 (G m /k) can be evaluated in a section s ∈ S π 1 (U/k) as follows. The composition f • s yields a section of π 1 (G m /k), hence an element f (s) ∈ k * which we call the value of f in s. Composing f with an automorphism αε of π 1 (G m /k) changes the value to αε.f (s) = αf (s) ε .
Anabelian geometry of genus
-rational cusps y, y ′ ∈ Y (k) and f is a unit such that ker(f ) contains the inertia subgroups I y , I y ′ at y and y ′ . A cuspidal ratio of π 1 (U/k) is a cuspidal ratio over some finite extension k ′ /k for the base change π 1 (U ⊗ k ′ /k ′ ) with respect to the induced orientation.
Obviously, the cuspidal ratio λ f ;y,y ′ neither depends on the cuspidal section chosen nor changes its value when f is composed with a scaling automorphism of π 1 (G m /k).
As a corollary to Corollary 28 we immediately obtain the following.
Proposition 29. Assume that X has genus 0 or k is a finitely generated extension of Q. If the orientation on π 1 (U/k) is ε times the standard orientation for some ε ∈Ẑ * then λ f ;y,y ′ is the ε-power of an element in the image of the natural map k * → k * .
From now on we will mainly be preoccupied with curves U which are complements of a divisor Y in a smooth, projective curve X of genus 0. The fundamental group π 1 (U/k) shall be endowed with its anabelian weight filtration and an orientation. 9.2. Definition. We say that the fundamental group π 1 (U/k) has type (0, n) if the inertia groups generate the geometric fundamental group π 1 (U ), all cusps of U are k-rational, and we are given an ordering y : {1, . . . , n} → Cusps(U ) sending i to y i .
9.3. The double ratio. Let π 1 (U/k) be a fundamental group of type (0, 4) and y : {1, 2, 3, 4} → Cusps(U ) the corresponding ordering of the cusps. We equip π 1 (U/k) with ε times the standard orientation.
Let j be a unit on π 1 (U/k) such that res(j) = ε·τ (y 3 −y 4 ) with the notation as in Proposition 27. The double ratio of π 1 (U/k) as a fundamental group of type (0, 4) is defined as the cuspidal ratio DV(π 1 (U/k), y) = DV(y 1 , y 2 ; y 3 , y 4 ) = λ j;y 1 ,y 2 which is the ε power of an element of the image of k * → k * and independent of the unit j chosen. Let U λ be the complement in P 1 k of Y = {λ, 1, 0, ∞} and equip π 1 (U λ ) with an ordering of the cusps accordingly and ε times the standard orientation. The resulting fundamental group of type (0, 4) has double ratio
where the double ratio DV(a 1 , a 2 ; a 3 , a 4 ) of a 4-tuple (a i ) in k is defined by the formula
This follows from Corollary 28 as j may be chosen to be ε · π 1 (t) where t is the coordinate on P 1 k and then j(s λ ) = λ ε and j(s 1 ) = 1. If ε = 1 and so π 1 (U/k) is equipped with the standard orientation then the following two double ratios add up to 1: DV(y 1 , y 2 ; y 3 , y 4 ) + DV(y 1 , y 3 ; y 2 , y 4 ) = λ + (1 − λ) = 1. 9.4. Characterization of the standard orientation. A geometric subquotient of a fundamental group π 1 (U/k) is the quotient of an open subgroup by the normal subgroup generated by a collection of inertia subgroups. A geometric subquotient of type (0, n) is a geometric subquotient together with a choice of a structure of a fundamental goup of type (0, n) on that subquotient. A geometric subquotient of π 1 (U/k) inherits naturally an orientation from an orientation on π 1 (U/k). The factor ε of the orientation remains the same. Remark 18. Fields which are finitely generated over Q p satisfy both (A) and (E), and condition (B) holds for fields k that satisfy (D). (2) If k is a function field over k 0 which is algebraically closed and U = U 0 ⊗ k 0 k, then π 1 (U ) = π 1 (U ) × Gal k and the Galois action has nothing to say about the orientation chosen.
Proof: We first deal with case (A). By Belyi's theorem, the fundamental group of the curve U λ = P 1 − {λ, 1, 0, ∞} over k(λ) occurs for all λ ∈ Q alg − {0, 1} as a geometric quotient of type (0, 4) of π 1 (U/k), at least if we allow some finite extension k 1 /k. We obtain µ ∈ k * 1 with λ ε = µ in k * 1 . The assumption of the suitable valuations on k transfers to the finite extension k 1 . Choose a valuation ν suitable for p and q and set γ = ν(λ) and δ = ν(µ). The valuation extends to a map ν :
where moreover γ and δ come from the diagonally embedded Q ∩ (Z p × Z q ). Thus the p and q component of ε are rational and agree. Hence ε ∈Ẑ * is in the diagonally embedded Q ∩Ẑ * = {±1}.
Under the assumption (B), we find, upon restriction to a finite field extension k 1 /k that makes the cusps of U rational, even a quotient of type (0, 4) with double ratio not a unit with respect to an extension of the valuation ν to k 1 . The same but simpler argument with ν : k * 1 →Ẑ as above shows that ε ∈ {±1}.
For the remaining part we assume that ε = −1 and argue by contradiction. For one of the geometric subquotients of type (0, 4) considered above, let λ be the double ratio in the geometric sense. Then by assumption we find a, b in the group (k * 1 ) div of divisible elements of k * 1 such that
Under assumption (E) we have a = b = 1 and thus λ = ζ
±1
6 is a primite 6 th root of unity, which we can avoid by the ubiquity of subquotients of type (0, 4) provided by Belyi's theorem.
Condition (D) implies that a and b are constants forcing λ to be a constant. But the assumption that U is not defined over the constants enables us to find a geometric subquotient of type (0, 4) with nonconstant double ratio, hence a contradiction.
Finally, let us assume condition (C). The equation (9.1) is equivalent to
where a and b are roots of unity by Lemma 32 below. It follows, that the archimedian absolute value of λ is bounded above (actually by 3) and again the ubiquity of subquotients of type (0, 4) provided by Belyi's theorem leads to a contradiction. Proof: We argue by contradiction and assume a ∈ (k * ) div is not a root of unity. Choose an algebraic number field F ⊂ k that contains a and such that F Q ab = kQ ab . Then there is a prime number p ≥ 3 such that p √ a ∈ F and consequently the field
is an abelian Z p extension of F . By the group theory of the cyclotomic character, the field F ∞ is already contained in n≥1 F (µ p n ).
Let a = α p n in F (µ p n+m ). We apply [Ru87] Lemma (5.7), which gives the injectivity of
. So aζ is divisible by p n in F for a suitable root of unity ζ ∈ F . As µ ∞ (F ) is finite, one ζ is sufficient for all n and with this choice we find aζ ∈ n (F * ) p n ⊂ µ ∞ (F ), hence a was torsion itself. 9.5. Preserving orientation.
Theorem 34. Let U (resp. V ) be the complement of a divisor Y (resp. Z) in a smooth, projective curve X/k (resp. W ) of genus 0, such that U and V are hyperbolic. Remark 35. Condition (C) guarantees by Lemma 19 and Corollary 21 that we can characterize the anabelian weight filtration, which therefore is then automatically respected by isomorphisms.
If conditions (C) or (D) from Theorem 30 or condition (E) and at least one of conditions (A) or (B) from Theorem 30 hold, then any isomorphism
Proof: As the isomorphism ϕ preserves the anabelian weight filtration it also preserves the notion of a geometric subqotient of type (0, 4). Let λ ∈ k * be the double ratio of a geometric subqotient of type (0, 4) of π 1 (U/k) and µ ∈ k * the double ratio of its companion for π 1 (V /k). Then the equation λ deg(ϕ) = µ holds in k * . As the same λ's as in Theorem 30 are available we may argue as in the proof of Theorem 30 and conclude that deg(ϕ) = 1. 9.6. Anabelian geometry of genus 0.
Theorem 36. Let U (resp. V ) be the complement of a divisor Y (resp. Z) in a smooth, projective curve X/k (resp. W ) of genus 0, such that U and V are hyperbolic.
If conditions (C) or (D) from Theorem 30 or condition (E) and at least one of conditions (A) or (B) from Theorem 30 hold, then U and V are isomorphic as k-curves if and only if there
is an isomorphism π 1 (U/k) → π 1 (V /k) that respects the anabelian weight filtration.
Remark 37. (1) Theorem 36 applies in particular to curves of genus 0 over Q ab or to nonconstant curves of genus 0 over a function field. The latter should be useful in applications to birational anabelian geometry for function fields over algebraically closed fields of charactersitic 0.
(2) We repeat that condition (C) guarantees that we can characterize the anabelian weight filtration, which therefore is then automatically respected by isomorphisms.
Proof: By Galois descent as established by Nakamura in [Na90b] Theorem 6.1, we may replace k by a finite extension and therefore assume that all cusps are k-rational.
We first discuss the case of genus 0 with 4 cusps where moreover both curves carry compatible structures as a fundamental group of type (0, 4), say U ∼ = U λ and V ∼ = U µ with notations as above in Section 9.3. We can then compare various double ratios and find λ = µ · a and
and so λ, µ are double ratios of divisible elements of k * . Under condition (E) this is absurd. In case (D) holds, the divisible elements are constants and thus also λ and µ are constants. And also assumption (C) restricts the possible values of λ and µ considerably by Lemma 38 below. For case (E) the above discussion was sufficient. For the cases (C) and (D) we replace U (resp. V ) by a suitable finiteétale cover U ′ → U of genus 0 (resp. the corresponding V ′ → V ) with again all cusps rational after a finite extension k ′ /k such that at least one of the double ratios of quotients of π 1 (U ′ /k ′ ) is not a double ratio of divisible elements. This is possible by Lemma 38 and Lemma 32 in case (C) and Belyi's theorem, or by assumption in case (D).
Then it is sufficent to treat the case of curves of type (0, 5), where moreover one double ratio, say α is not a double ratio of divisible elements and therefore has to agree on both sides by the above argument. We may therefore assume that U = P 1 − {0, 1, α, λ, ∞} and V = P 1 − {0, 1, α, µ, ∞}. In order to finish the proof we need to argue that µ = λ. Let us assume the contrary, then µ and λ are double ratios of divisible elements as in equation (9.2). We now compare the following double ratios in k * :
So there is a divisible element c such that λ − α = c · (µ − α). Using (9.2) we obtain λ = µ or c = 1 and Proof: For ζ a primitive n th -root of unity, the value ζ − 1 is a unit except if n = p m and then it is a uniformizer in Q p (µ p m ). We conclude that 1 ≥ |ζ − 1| p ≥ p −1/p m−1 (p−1) ≥ 1/2, hence
For Q-rational double ratios of roots of unity we observe that we have a natural S 3 action on the set of values including λ → 1/λ, and that by the estimate above the only prime factors that may occur are 2 and 3 with only 2 possibly occuring twice. Imposing this on the full S 3 orbit already pins down λ into the given list, whose values by the way are all attained for suitable roots of unities.
10. Anabelian geometry of M 0,4 and of the j-invariant 10.1. The moduli space M 0,4 parameterizes pairs (X/S; y) ∈ M 0,4 (S) where X/S is a smooth, projective S-curve of genus 0 with 4 marked points y = y 1 , y 2 , y 3 , y 4 ∈ X(S) with pairwise disjoint images. The double ratio DV(y) of a marked curve (X/S, y) is DV(y) = y 1 − y 3 y 1 − y 4 : y 2 − y 3 y 2 − y 4 ∈ O * (S),
where the values y i are taken with respect to and are independent of any choice of parameter on X ∼ = P 1 locally on S. The double ratio map is an isomorphism DV : M 0,4 → P 1 − {0, 1, ∞}.
10.2. The map SC of the section conjecture for M 0,4 factors as follows. which is independent of the choice of λ as j(λ) is invariant under the given S 3 action and in fact gives a value in k as by structure transport σ(λ α ) = λ πσ•α and so the S 3 orbit is Gal(k ′ /k) invariant. Consequently, we obtain the following weak anabelian result.
Theorem 41. Let E/k be an elliptic curve with origin e ∈ E(k). Assume that k * ֒→ k * is injective or that k is a function field over k 0 and E is not defined over k 0 . Then the above construction decodes grouptheoretically the j-invariant of E from the fundamental group extension π 1 (E − {e}/k). Clearly, every section is of the for s a for some continuous map a and the trivial cocycle leads to the canonical section.
A Γ-equivariant right N -torsor P is the same as a pro-finite set P with a right N ⋊ Γ action such that the subgroup N acts free and transitive. The action is given by p.(aσ) := σ −1 (pa). The stabilizer Γ t ⊂ N ⋊ Γ of t ∈ P projects isomorphically onto Γ and hence defines a section in S N ⋊Γ . Moving the lement t conjugates Γ t by an element of N , so that we obtain a well defined map Tors Γ (N ) → S N ⋊Γ . The inverse maps a section s to the set P = s(Γ)\(N ⋊ Γ) where the Γ-equivariant N right torsor structure comes from right translation with N ⋊ Γ.
Combining the above constructions we get a bijection Tors Γ (N ) → H 1 (Γ, N ) as follows. An element t ∈ P defines a 1-cocycle a P,t : Γ → N by the formula σ(t) = ta P,t σ . Moving t replaces a P,t by an equivalent cocycle. Conversely, a 1-cocylce a allows to twist the trivial Γ-equivariant torsor N to a torsor a N which equals N as a right N torsor but has σ. a n = a σ n as twisted Γ-action.
